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Annotatsiya: Usbu tezisda Hilbert fazolarining t6gri yigindisida aniqlangan ugingi tartibli
operatorli matritsalarning kubik sonli tasviri va spektri orasidagi munosabatlar aniq misollar yordamida
organilgan. Blok ugburcakli, skalyar elementli, 6z-6ziga qdsma hamda Fok fazosining qirqilgan qism
fazosida ta’sir qiluvei operatorli matritsalar ugun spektr, odatdagi va kubik sonli tasvirlar hisoblangan.
Misollar kubik sonli tasvir spektrni odatdagi sonli tasvirga nisbatan aniqroq lokalizatsiya qilisini va
spektral lakunalarni aniglas imkonini berisini korsatadi.

Kalit sozlar: operatorli matritsa, Hilbert fazosi, sonli tasvir, kubik sonli tasvir, spektr, muhim
spektr, diskret spektr, spektral qamras, Fok fazosi.

MPUMEPHI O PACIIOJIOKEHUU CIIEKTPA OIIEPATOPHOM MATPHIIBI
TPETHEI'O IOPAJKA B EE YACJIOBOM OBPA3E

Hloamonosa Hozuma Py3umypoa kusu
Byxapckuii rocyjapcTBEHHbII YHUBEPCUTET,
MarucTpaT 1-kypca HanpaBienus «MaTteMaThka
E-mail: nozimashodmonova48@gmail.com

AHHoTanMs: B aHHBIX Te3Hcax Ha KOHKPETHBIX IPUMEPAX U3y4aeTCs CBSI3b MEXKIY KyOHMUECKUM
YHCJIOBBIM O00pa3oM U CIEKTPOM OIEPATOPHBIX MATPHI] TPETHEro MOpSAKa, AEHCTBYIOLIUX B MPSAMOM
CyMMe TWIbOEpTOBBIX HPOCTpaHCTB. [l OJOYHO-TPEYTOJIbHBIX, CKAJISAPHBIX, CaMOCOMNPSKEHHBIX
ONEPATOPHBIX MATpPHI, a TaKKe JUI1 ONEPaTOPHOM MATpULBI B YPE3aHHOM IIOJIPOCTPAHCTBE
(hOKOBCKOI0 MPOCTPAHCTBA BBIYMCIIEHBI CIIEKTP, OOBIYHBIN U KyOuueckuii unucioBsle 00pasbl. [Ipumepsl
MOKa3bIBAIOT, YTO KyOWYECKUI YMCIOBOW 00pa3 JIOKAU3yeT CIIEKTP TOYHEE, YeM OOBIYHBIN YMCIIOBON
00pa3, ¥ M03BOJIsIeT OOHAPYKUBAThH CIEKTPAJIbHBIE JTAKYHBI.

KiroueBble ci0oBa: omeparopHas MaTpHlla, T'MIbOEpPTOBO IPOCTPAHCTBO, YUCIOBOW 00pa3s,
KyOW4eckuii 4uCIIOBOH 00pa3, CIEKTp, CYIIECTBEHHBIH CHEKTp, AMCKPETHBIM CIIEKTp, CIIEKTPaIbHOE
BKJIIOYEHHE, (POKOBCKOE IPOCTPAHCTBO.
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Annotation: In these theses, the relationship between the cubic numerical range and the spectrum

of third-order operator matrices acting in a direct sum of Hilbert spaces is studied by means of concrete
examples. The spectrum and the usual and cubic numerical ranges are computed for block triangular,
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scalar and self-adjoint operator matrices, as well as for an operator matrix acting in the truncated
subspace of a Fock space. The examples show that the cubic numerical range localizes the spectrum
more precisely than the usual numerical range and makes it possible to detect spectral gaps.

Key words: operator matrix, Hilbert space, numerical range, cubic numerical range, spectrum,
essential spectrum, discrete spectrum, spectral inclusion, Fock space.

Asosiy tusuncalar. Ciziqli cegaralangan operatorning spektri, xos qiymatlari va regulyar nuqtalari
funksional analizning asosiy tusuncalaridan hisoblanadi [1]. Hilbert fazosidagi ¢iziqli operatorlar
nazariyasi va ularning spektral xossalari klassik monografiyalarda batafsil bayon qilingan [2]. Oz-6ziga
qosma operatorlar spektrining nuqtali, muhim va diskret gismlari ham yaxsi organilgan [3]. Bu
tusuncalar 6zbek tilidagi darsliklarda ham bayon qilingan [4]. Ularga doir koplab misol va masalalar
islab c¢iqgilgan [5]. Sonli tasvir va uning xossalariga doir masalalar ham ma’lum [6]. Hilbert fazosida
aniglangan ¢iziqli ¢egaralangan operatorlarning spektrini lokalizatsiya qilisda sonli tasvir muhim vosita
hisoblanadi. Biroq odatdagi sonli tasvir gavariq toplam bolgani ugun spektrdagi lakunalar (bosliglar)
haqgida ma’lumot bermaydi. Su sababli ikkingi tartibli operatorli matritsalar u¢cun kvadratik sonli tasvir,
n-tartibli operatorli matritsalar ugun esa blok sonli tasvir tugsungasi kiritilgan [7].

X1, X, va X3 kompleks Hilbert fazolari, X :=X; ®X, ® X3 ularning t6gri yigindisi bolsin. X
fazodagi har bir ¢iziqli ¢egaralangan B operator ugingi tartibli operatorli matritsa korinisida tasvirlanadi:

Bii B By
B= <B21 B22 B23) , Bij:Xj_)Xia i,j:1,2,3. (1)
Bis; Bs; Bss
S* = {f=(f,.6,f;) €X: /I f. //=1,i=1,2,3} birlik sferalarning Dekart kopaytmasi bolsin. Har bir
feS? ugun By := ((Bijfj,fi))ijzl € M;(C) sonli matritsani tuzamiz.
Ta’rif [7]. Usbu

W®B)=U oB) @
fes3
toplamga B operatorli matritsaning (1) korinisga mos kubik sonli tasviri deyiladi.

Kubik sonli tasvirning quyidagi xossalari ma’lum [7]: W3(B)CW(B) , bu yerda
W(B)={(Bx,x): x€X, [/ x /[ =1} odatdagi sonli tasvir; W*(B) k&pi bilan ucta boglamli komponentdan
iborat; B=B* bolsa, W*(B) CR; B blok ucburcakli bolsa, W*(B)=W(B,;) UW(B,,) UW(Bs3). Asosiy
xossa spektral qamras xossasidir [7]:

c,(B)YCW3(B),  o(B)CW(B). (3)

Quyidagi misollarda (3) munosabatlarning qanday bajarilisi hamda W3(B) va W(B) toplamlar
spektrni gangalik aniq lokalizatsiya qilisi korsatiladi.

1-misol (blok ugburgakli operatorli matritsa). X;=X,=X;=L?[0;1] bolsin va

T | 0
B= (0 T+2I 1 ) (Tg)(®)=tg(1),
0 0 T+4I

operatorli matritsani qaraymiz, bu yerda I birlik operator.

Yegis: (Tg,g)= Oltlg(t)lzdt va [/ g//=1 bélgani ugun W(T)=(0;1) o¢iq interval bdladi. B blok
ucburgakli bolgani ugun

W3 (B)=(0;1) U (2:3) U (4;5).

Diagonal elementlarning spektrlari o(T)=[0;1], o(T+21)=[2;3], o(T+41)=[4;5] 6zaro kesigsmaydi,
suning u¢un o(B)=[0;1] U [2;3] U [4;5].

Demak, 6(B)=W?3(B), ammo 0,1,2,3,4,5€5(B) nuqtalar W*>(B) ga tegisli emas. Bu (3) dagi
yopilma olis sartini taglab bolmasligini korsatadi. Odatdagi sonli tasvir W(B) esa qavariq bélib, (0;5)
intervalni tola 6z igiga oladi, ya’ni (1;2) va (3;4) lakunalarni sezmaydi.
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Javob: o(B)=W?3(B)=[0;1] U [2;3] U [4;5].
2-misol (skalyar elementli hol). X;=X,=X;=C bélganda S*® ning elementlari fZ(ei"’l,ei‘PZ,ei‘P3)
korinisda boladi va By matritsa B ga unitar dxsas. Su sababli W?(B)=c(B) [7]. Masalan,

(1 1 O)
B=(1 2 1
0 1 3
ugun xarakteristik tenglama (2—A)[(1-1)(3—1)—2]=0 bélib,
W3(B)=0(B)={2—V3; 2; 2+V/3}={0,2679; 2; 3,7321}.
Odatdagi sonli tasvir esa butun kesmani beradi: W(B)Z[Z—\B ; 2+\/§].
3-misol (6z-6ziga qdsma operatorli matritsa, spektral lakunalar). X=C? ® C ® C fazoda

. B;l b 0 (00 (12
o4 12, Bu=(; ) b=(|%)
0 12 8

operatorli matritsani qaraymiz. B=B* bdlgani ugun W3 (B) CR.
Yegis: £1=(§,,&,) €C?, |&|*+]&,1>=1 va |f,]|=|f;|=1 bélsin. U holda

0} 0
B= (B 4 1/2) , a=l& 2 €[0;1], [Bl=1/2 |§1+§2|§\/§/2 .
0 12 8
a va B parametrlar bdyica B¢ ning xos qiymatlarini hisoblab (sonli hisoblas Python dasturida
bajarildi), quyidagini hosil gilamiz:
W3 (B)=[-0,0658; 0,9245| U [6-v17/2 ; 4,0787] U [6+V17/2; 8,0626],

bu yerda 6+ g%,% 84; 8,0616 sonlari B=0 holga mos keladi. B ning xos qiymatlari esa
o(B)={-0,0658; 0,9245; 4,0787, 8,0626}.

Kérinib turibdiki, c(B)CW?3(B) va W3(B) ugta ajralgan komponentdan iborat. Su sababli
(0,9245; 3,93 84) va (4,0787; 8,0616) intervallar spektral lakunalar boladi. Odatdagi sonli tasvir
W(B)Z[—O,0658; 8,0626] bu lakunalarni aniqlay olmaydi. Suningdek, B ning eng kicik va eng katta xos
qiymatlari W3(B) ning cetki nugqtalari bilan ustma-ust tusadi.

4-misol (Fok fazosidagi operatorli matritsa). T=[—m;n] bir 6lgamli tor, #=C & L2(T) ®L?(T?) Fok
fazosining qirqilgan ug zarragali qism fazosi bdlsin [8]. Usbu fazoda

A HAp 0

A= MAzl A pAp |, >0,

*

0 MAIZ A22
operatorli ~ matritsani ~ qaraymiz. Bu yerda Agfy=efy , Agfi= , vOfi(®dt

(A11f1)(X):(8+U(X))f1 (x), (ApR)X)= ; v(OLKX,:)dt, (Azzfz)(XaY):(SJFU(X)JFU(Y))fz (x,y). Aniq
qiymatlar sifatida

1
e=0, p=1, u(x)=l-cosx, v(x)=—

V2

ni olamiz. U holda m=minu=0, M=maxu=2, // v // =1.
dt 2n

v2(t) dt T
“Ma—cost /a2—1

stu(t)—z

Yecis: A, ga mos Fredgolm determinanti A“(Z):S—Z—Mz T ni hisoblaymiz.

a>1, formuladan

, z<0 (mos ravisda z>2)
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kelib cigadi. A;(z)=0 tenglama z*-2z—1=0 ga keladi va uning haqiqiy ildizlari z,=~—0,7167,
7,~2,1069. Demak, ma’lum natijaga kéra muhim spektr tarmoqlari quyidagica boladi [8]:
Giwo(A1)=[0,7167; 1,2833] U [2,1069; 4,1069], oy (A)=[0; 4],
Gess (A1)=[~0,7167; 4,1069].
V2
Q,(2)=e—z—p? T A (Z(i)u((itt))
kamayuv¢i bo‘lib, z——o da +oo ga, muhim spektrning ¢ap ¢etida —oo ga, ong ¢etida +oo ga, z—+oo da
esa —oo ga intiladi. Demak, muhim spektrdan ¢apda ham, 6ngda ham bittadan xos qiymat mavjud.
Ularni sonli hisoblas zy;=~—0,9638 va z,'=4,10719 ni beradi. Ikking¢i xos qiymat muhim spektr ¢etiga juda
yaqin joylasgan: z,'—4,10692~2,7- 107*. Demak,
6(A)={—0,9638} U[-0,7167; 4,1069] U {4,1072}.
Endi kubik sonli tasvir yordamida olingan baholasni teksiramiz [8]:

funksiya muhim spektrdan tashqaridagi har bir oraligda qat’iy

22u2 [ v il 2
minc(A, )>e+m-2 Jm =223 1,630,
M2+2p2 [ v [ 2
maxo(A,)<e+M+2 \/ T =212V2%4,8284

Haqiqgatan ham, —1,6330<—0,9638 va 4,1072<4,8284. Qozgaliglar nazariyasiga asoslangan baholas
esa [~1,4142; 5,4142] oraligni beradi [8]. Ikkala baholagni birlastirib, 6(A;)C [~1,4142; 4,8284] ni
hosil gilamiz. Bunda yuqori ¢egara ugun kubik sonli tasvirga asoslangan baholas aniqroq ekanini
koramiz.

Javob: 6(A;)={-0,9638} U[-0,7167; 4,1069] U {4,1072} C [-1,4142; 4,8284].

Xulosa: Keltirilgan misollar ugingi tartibli operatorli matritsa spektrining kubik sonli tasvirdagi
joylasuvi haqida quyidagi xulosalarni beradi. Birin¢idan, spektral qamras xossasidagi yopilma olis sarti
muhim: ¢eksiz 6lcamli holda spektr nuqtalari W*(B) ning ¢egarasida yotisi mumkin. Ikkingidan,
skalyar elementli holda kubik sonli tasvir spektr bilan ustma-ust tusadi. U¢ingidan, kubik sonli tasvir
qavariq bolmagani ugun odatdagi sonli tasvirdan farqli ravisda spektral lakunalarni aniglas imkonini
beradi. Tortingidan, Fok fazosidagi model ugun kubik sonli tasvirga asoslangan baholas spektrning
yuqori g¢egarasini bosqa usullarga nisbatan aniqroq beradi. Bu natijalardan ugingi tartibli operatorli
matritsalarning spektral xossalarini 6rganisda foydalanis mumbkin.

FOYDALANILGAN ADABIYOTLAR ROYXATI

Kommoropos A.H., ®omun C.B. DnemenTtsl Teopun GyHKIHA U QYHKIIMOHAIEHOTO aHANM3a. — M.

Hayxka, 1976. — 544 c.

2. Axwuesep H.U., I'mazman .M. Teopust TMHEHHBIX ONEepaTOpoOB B THILOEPTOBOM MPOCTPAHCTBE. —
M.: Hayxka, 1966.

3. Pug M., Caiimon b. Meroabl coBpemeHHON Marematmueckod ¢usuku. T. 1. OyHKIHOHAIBHBINA
aHanus. — M.: Mup, 1977.

4. Abdullayev J.I., G‘anixo‘jayev R.N., Shermatov M.H., Egamberdiyev O.I. Funksional analiz va
integral tenglamalar. — Toshkent: EL PRESS, 2013. — 458 b.

5. Abdullayev J.I., Eshqobilov Yu.X., Ikromov [.A., G‘anixo‘jayev R.N. Funksional analiz (misol va

masalalar yechish). II qism. — Toshkent, 2016.

Xammomn 1. I'mns6eproBo mpocTpancTBo B 3amavax. — M.: Mup, 1970.

Tretter C. Spectral Theory of Block Operator Matrices and Applications. — London: Imperial

College Press, 2008.

8. Sharipova M.Sh. Parametrga bog‘liq uchinchi tartibli operatorli matritsa spektri uchun baholashlar:
fiz.-mat. fan. bo‘yicha falsafa doktori (PhD) diss. avtoreferati. — Urganch, 2026. — 40 b.

[a—

s

Online conference Pg. 347



