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Abstract. This comprehensive scientific-methodological article provides a thorough analysis
of integral calculus — one of the most fundamental and practically rich branches of mathematical
analysis — with particular focus on the concepts of the antiderivative and the indefinite integral.
The content is directed at revealing the intrinsic logical relationship between differentiation and
integration, proving the fundamental properties and theorems of the indefinite integral, and
providing an in-depth exploration of the core integration techniques (introducing into the
differential, substitution, and integration by parts). To facilitate understanding, each section is
accompanied by practical examples of varying complexity, detailed analyses, and full solutions.
This article is intended for students of physics, mathematics, and engineering faculties of higher
educational institutions, upper-grade students of academic lyceums and schools, and faculty
members who teach higher mathematics.
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1. Introduction and Relevance of the Topic

Throughout its historical development, mathematical analysis has branched into two major
disciplines: differential calculus and integral calculus. While differential calculus studies the rate of
change of a given function — that is, its derivative — integral calculus investigates the
fundamentally inverse process: recovering the original state of a function (its initial form) from a
known rate of change. The deep connection between these two concepts, crystallized in the
Newton—Leibniz theorem, forms the very pinnacle of mathematical analysis.

Not only in pure mathematics, but in a great many branches of natural and technical sciences,
it is often the laws of change or rates of processes — rather than the processes themselves — that
are determined through experiment and observation. For instance: finding the distance traveled by a
particle in physics when its velocity is known; constructing a temperature function depending on
time in thermodynamics when the cooling rate of a body is given; recovering the total cost function
from marginal costs in economics — all of these problems directly require the apparatus of
antiderivatives and indefinite integrals. For this reason, a thorough understanding of this topic is of
paramount importance for every future engineer, physicist, or mathematician.

2. The Concept of the Antiderivative and Fundamental Theorems

Suppose a function f(x) is defined on some interval X (which may be an open interval, a half-
open interval, a closed segment, or the entire real line). We define the concept of an antiderivative
for this function as follows:

Definition: If for all x in the interval X the equality F'(x) = f(x), or equivalently dF(x) =
f(x)dx, holds, then the function F(x) is called an antiderivative of f(x) on the interval X.
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Let us consider some simple examples to understand this definition:

1) The antiderivative of f(x) = 3x? is F(x) = x?, since (x*)' = 3x* holds for every real number x.

2) For f(x) = cos(x), the antiderivative is F(x) = sin(x), since (sin(x))" = cos(x) is known from
differential calculus.

3) For f(x) = 1/x on the interval x > 0, the function F(x) = In(x) is an antiderivative, since
(In(x))" = 1/x.

2.1. The Non-Uniqueness of the Antiderivative and its Geometric Interpretation

Careful inspection of the examples above reveals that the antiderivative of a given function is
not unique. For instance, for f(x) = 3x?, not only F(x) = x* but also F(x) =x* + 5, F(x) = x> — 12, or
more generally F(x) = x* + C for any constant C, are all antiderivatives, because the derivative of
any constant is zero: (x> + C)’ = 3x?> + 0 = 3x2 This observation leads to the following important
theorem:

Theorem (Fundamental Theorem on Antiderivatives): If F(x) is some antiderivative of f(x)
on the interval X, then every antiderivative of f(x) can be written in the form F(x) + C, where C is
an arbitrary real constant (the constant of integration).

Proof: Suppose G(x) is also an antiderivative of f(x) on the same interval. By definition, G'(x)
= f(x) and F'(x) = f(x). Consider the derivative of their difference: [G(x) — F(x)]' = G'(x) — F'(x) =
f(x) — f(x) = 0. By the consequence of Lagrange’s theorem, a function whose derivative is
identically zero must be a constant. Therefore G(x) — F(x) = C, which gives G(x) = F(x) + C. The
theorem is proved.

From a geometric perspective, the family of functions y = F(x) + C represents a collection of
curves in the coordinate plane obtained from one another by vertical translations of C units along
the y-axis (a family of integral curves). If an initial condition (e.g., a point the curve must pass
through) is specified, a unique curve can be selected from this infinite family.

3. Definition of the Indefinite Integral and its Analytical Properties

To express the general form of all antiderivatives, the concept of the indefinite integral and a
special notation are introduced.

Definition: The infinite collection of all antiderivatives F(x) + C of a given function f{x)
on an interval X is called the indefinite integral of that function, and is denoted as:

| fx) dx = F(x) + C

The elements of this notation are:

« | — the integral sign (an elongated form of the letter ‘S’, from the Latin ‘Summa’);
+ f(x) — the integrand (the function under the integral sign);

f(x)dx — the integrand expression;

» x — the variable of integration;

* C — the constant of integration.

3.1. Fundamental Properties of the Indefinite Integral
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Since the indefinite integral is the inverse operation of differentiation, its fundamental
properties follow directly from the properties of the derivative. These properties serve to simplify
the integration process:

Property 1: The derivative of an indefinite integral equals the integrand:

( ftv) d)' = (F(9) + O)' = F'(x) = f()

This property is the primary tool for verifying the correctness of an integration result: it
suffices to differentiate the result to confirm the integral was evaluated correctly.

Property 2: The differential of an indefinite integral equals the integrand expression:

d(1 o) dx) = ( fo) d)” dx = ficx) dx

Property 3: The integral of the differential of a function equals that function plus a constant:

[dF(x)=F(x)+C or [f(x)dx=f(x)+C

Property 4: Linearity — extracting a constant factor from the integral sign:

[ k- f(x)dx =k ) f(x) dx (where k # 0is a constant)

Property 5: Linearity — the integral of a sum or difference:

[If9) £ g@)] dx =] fix) dx = [ g(x) dx

This property allows complex expressions consisting of finitely many functions to be

integrated term by term.

4. Table of Basic Integrals for Elementary Functions

By applying differentiation rules in reverse, a table of standard integrals for elementary
functions is established. Every integration process ultimately reduces to the entries of this table:

1 [0-dx C

2 [1-dx (or]dx) x+C

3 [xndx (n#-1) xMn+1) / (n+1) + C
4 [ (1/x) dx Injx| + C

5 [ ax dx a/lna+C

6 [ exdx e+ C

7 [ sin x dx —cosx +C

8 [ cos x dx sinx + C

9 [ (1/ cos?x) dx tanx + C

10 [ (1/sin*k) dx —cotx +C

11 [1/(1 +x2) dx arctan x + C

12 [ 1A = x?) dx arcsin x + C

13 [ 1/(x? — a?) dx (1/2a) - In|(x—a)/(x+a)| + C
14 [ IA(x2 + k) dx Injx + V(x2 + k)| + C
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5. Core Integration Methods and Methodology

Unlike differentiation, integration does not follow a single universal algorithm. Each integral
requires its own approach. In mathematical analysis, three main methods are widely used to reduce
integrals to tabular form.

5.1. Introduction into the Differential

This method is based on the relation do(x) = ¢'(x)dx. If the integrand contains a function and
its derivative in product form, the derivative part can be absorbed into the differential sign: |
flo(x)) - ¢'(x)dx = | f(p(x)) do(x). This greatly simplifies the computation.

Example: Evaluate | 2x - cos(x?) dx.

Solution: Since (x*)" = 2x, we have 2x dx = d(x?). Rewrite the integral as [ cos(x?) d(x?).
Treating x? as a single variable u gives the standard form | cos u du=sinu+ C.

Answer: sin(x?) + C

5.2. Substitution Method (Change of Variable)

When the integrand is complex, introducing a new variable can reduce it to a simpler tabular
integral. Suppose we wish to evaluate ) f(x) dx. We introduce the substitution x = @(t), where ¢(t) is
a function with a continuous derivative. Then dx = ¢'(t) dt, and the formula becomes:

[feo) ax =] flo®) - o'(v dt

Example: Evaluate | V(3x + 1) dx.

Solution: Let t = 3x + 1. Then dt = 3 dx, so dx = dt/3. Substituting;:

[t (dv3) = (1/3) - [tN(1/2) dt = (1/3) - [t"(3/2) / (3/2)] + C = (2/9) - t/(3/2) + C.

Returning to the original variable:

Answer: (2/9) - 3x+ 1)*3/2)+C

5.3. Integration by Parts

This is one of the most powerful methods in mathematical analysis, derived from the product
rule for differentials: d(uv) = u dv + v du. Integrating both sides yields:

fudv=u-v—-vdu

This method is particularly effective when the integrand is a product of a polynomial with a
trigonometric, exponential, or logarithmic function. The key to success lies in the correct choice of
u and dv. When P(x) is a polynomial, in integrals of the form [ P(x) sin x dx, one sets u = P(x).
When logarithmic or inverse trigonometric functions appear, they are chosen as u.

Example: Evaluate | x - ex dx.

Solution: Apply integration by parts:

u=x = du=dx

dv=erdx = v=¢X

Applying the formula: [ x - exdx =x - e*— [ exdx=x-ex—ex+ C=eXx — 1) + C.

Verification: [ex(x — 1)+ C]'=e(x— 1)+ e*- 1 =x-ex— e+ ex=x - e ¥ The integral is
correct.

6. Integration of Rational Fractions and Complex Cases
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In practice, one frequently encounters the integration of rational fractions of the form
P(x)/Q(x). If the degree of the numerator is greater than or equal to that of the denominator,
polynomial long division is first performed to extract the whole part. The remaining proper fraction
is then decomposed by factoring the denominator into linear and quadratic factors, and the method
of undetermined coefficients is used to express it as a sum of partial fractions.

Partial fractions fall into the following four types:

1) A/(x—a)

2)A/(x—a)m (m>1)

3)(Mx + N) / (x*+ px + q) (where the discriminant D < 0)

4)(Mx+N)/(x*+px+q)n

Each of these partial fraction types can be readily integrated using logarithmic, power, or
arctangent functions, respectively.

7. Conclusion

The concepts of the antiderivative and the indefinite integral are the cornerstones of
mathematical analysis and higher mathematics in general. Because integration, unlike
differentiation, does not follow purely mechanical rules, it demands a high level of creativity,
strong logical reasoning, and the ability to apply various methods appropriately. The theorems,
properties, and methodological recommendations presented in this article provide a solid
foundation for mastering the apparatus of the indefinite integral and for successfully tackling future
topics such as the definite integral, multiple integrals, differential equations, and applied problems
in physics and engineering.
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