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Ground states for the Potts model with a modified external field
Abstract: the ground states of the Potts model with a modified external field on the 2Z

lattice have been studied.
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Let's assume 2 2Z R® be a lattice of ordinary integers in and {0,1, 2...., }qF = let it be
Configuration is a set of values Ф taken from )(ig , i 2Z function is called, i.e )(ig X . A
collection of all configurations m we define with . m phase shift groups move at )(ig

configuration with a finite index 2Z Z is translational-invariant with respect to the displacement
group, then this configuration is called a periodic configuration. If the configuration is invariant
with respect to integer vectors with even coordinates, then we say that its period does not exceed.
It overlaps almost everywhere, that is, everywhere except for a finite number s and 's for
configurations ),',( JssH we consider the relative Hamiltonian. ),',( JssH Hamiltonian s and 's

denotes the energy of configurations and is defined as: ,
( , , ) ( ) ( mod 2)ij

i j i
H s s J J id a

< > F

= +
,

(1)
here 2( , )J J Ra= - optional fixed parameter, ,i j< > close neighbors; ji, 2Z .
Definition 1. A periodic configuration is called the ground state for a relativistic

Hamiltonian, if for an arbitrary configuration that overlaps almost everywhere with ),( saH 0
if

Our goal is voluntary J 2R is to find the complete set of ground states for
Let's assume M ends through 2Z we define the set of unit squares with edge length 1

obtained from k M configuration limit in the cube ks is called a bounded configuration. Two
are limited ks and '

'ks Configurations belong to the same class, if one of them is formed by
changing the pointers of the other if possible. There are 7 classes for this case. lh l =1,2,3,…,7
through l - define class configurations. Lemma 1. Optional lh class and optional lks h is
periodic with a period not exceeding 2 for a bounded configuration s There is a configuration for
them lks h'

' optional 'k M va kk ss =' s optional k as energy squared

,
( ; ) ( ) ( mod 2)

2 2k ij
i j i

JU s J i
k
ad a

< > F

= +
+ , (2)
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value is said. This is the placeda i and j – k square ends, 2( , ) .J Ra

ijd The Kronecker symbol is defined as follows:
1, agar bo'lsa,
0, agar bo'lsa,ij

i j
i j

d
=

=

The utility of the above value (1) expresses the relative efficiency in the following
simple form:

' '( , ) ( ( ) ( ))k k
k M

H s s U s U s= - , (3)

)( ksU each function lh takes a uniform value in the class, that is, if lklk ss hh '
', if so

)'()( kk sUsU = . that is why lU through )( ksU we set the value of the function in the -class.
If the configuration s such that lUsU =)( something is fixed l and optional k M

for , then the additive constant overlaps with the allocated energy in numerical precision.
V a set of unit squares formed from a set of vertices M we define with . Mb the

configuration in the square F® )(xbx s we define as a function and it )(Vs let's define by.
Mb the center of the square bc let's define with . bs we calculate the configuration energy using

the following formula: ( ) ( )
, :
,

1( ) ( , , ) = ( )mod 2
2 2b b x y

x y x b
x y b

U U J J x
ks s
as s a d s- -
+

(4)

here 2( , ) .J Ra
If 2=k and = 2q oath bs the following is relevant for the configuration:

( ) { : =1...7}b iU U is
Here

1 2 3 4 5
3= , = , = , = , = ,

2 4 2 4 2 4
J JU U J U J U Ua a a

- - - - - - -

6 7= , =
2 4
JU U J a

- - - .

Lemma 2. s periodic configuration H is a necessary and sufficient condition for a relative
Hamiltonian to be the ground state

{ }( ) min( , 1,2,...,7)k lU s U l= = , (5)

to be. Here { }min( , 1,2,...,7) minl lU l U= = , )(JU l value J 2Z will be a linear
function depending on the parameter. Each fixed 1,2....,7m = for mA through so J define a set of
points for which

{ }( ) min( ( ) , 1,2,...,7)m lU J U J l= = , (6)
Using simple calculations, we can get the following

results: 2
1 = {( , ) | 0; 0},A J R Ja a 2

2 3 {( , ) | 0; 0},A A J R Ja a= = =
2

4 = {( , ) | 0 0; / 2 0},A J R J va J vaa a a a
2

5 6 7= {( , ) | = 0; 0}A A A J R Ja a= =
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and
7

2

=1

= .i
i

A RU
Each J 2R for the point 1 2 7, ,.......,A A A two sets

rmmm AAA ,.....,,
21

va

1 2 7
, ,......,

r rm m mA A A
+ +

we divide into classes in such a way that

I
r

q
ma
AJ

1=

va U
M

rq
mq
AJ
1+=

, (7)

here 1 7;r {1,2, ,....., 7}qm pq mm if qp + , {1,2....,7}q
[4] non-periodic ground states for the Potts model with an external field are studied in the

work. Using the methods in this article, the following theorem is proved.
Theorem 1. 2Z For the lattice-modified Potts model with an external field, the following

assertion holds:
If 1( , )J Aa if so, then ( ) 1,x x Vs = va ( ) 2,x x Vs = configurations will be a

translation-invariant ground state.
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