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Abstract. This article provides a comprehensive analysis of the role and importance of
mathematics in the formation and development of artificial intelligence (AI) systems. The main
branches of mathematics - linear algebra, probability theory, optimization theory, differential
equations and graph theory - are considered as the theoretical basis of artificial intelligence
algorithms. The effectiveness of neural networks, machine learning and deep learning processes is
analyzed through mathematical modeling. The research is aimed at developing new scientific
approaches and practical results through the mutual synthesis of Al and mathematics. The methods
used include mathematical analysis, comparative literature study, algorithmic analysis and
explanation methods through examples. Modern directions such as quantum computing,
reinforcement learning and generative models are also covered. As a result, theoretical conclusions
and practical recommendations are presented that deepen the relationship between mathematics and
artificial intelligence.
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1. INTRODUCTION

In recent decades, artificial intelligence (AI) has become one of the most important directions
of human development. Today, it is widely used in the fields of economics, medicine, transport,
education, industry and even art. Al seeks to model human thinking, analytical skills and decision-
making in a digital environment. Therefore, it is gaining great importance not only technologically,
but also scientifically, philosophically and socially.

However, mathematics is at the heart of any Al system. Mathematical models and algorithms
are the “brain” of artificial intelligence. For example, machine learning methods work on the basis
of statistical analysis, probability theory and linear algebra. Deep learning, on the other hand, relies
on differential calculus, gradients, matrices and optimization methods, relying on complex neural
networks. Without these mathematical foundations, it is impossible to give machines the ability to
“learn”, “understand” or “predict”.

Mathematics is not only a computational tool, but also a theoretical basis for creating SI
systems. The reliability, accuracy and efficiency of each algorithm are checked through
mathematical proofs. Also, the processes of data analysis and evaluation of model results are based
on statistical methods. This interaction shows that SI and mathematics should be considered as
complementary, mutually integrated disciplines. Another important aspect is that artificial
intelligence is having a negative impact on mathematics itself. Modern SI algorithms are giving
impetus to the creation of new mathematical methods, optimization approaches and computational
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models. For example, concepts such as gradient descent, Markov chains, Bayesian networks, vector
spaces, which were previously purely mathematical theories, are now the practical basis of SI
algorithms. In this sense, the connection between mathematics and artificial intelligence is
bidirectional - that is, two-way, and both disciplines enrich and develop each other.

2. LITERATURE REVIEW

In recent years, many foreign and domestic scientists have been deeply studying the
inextricable link between mathematics and artificial intelligence. Their research shows that the
success of artificial intelligence systems largely depends on their mathematical foundation, in
particular, on the correct modeling of algorithms and the accuracy of computational processes.

The famous work “Deep Learning” by Goodfellow, Bengio and Courville [1] provides a
detailed analysis of the theoretical foundations of deep learning models. The authors, revealing the
mathematical essence of gradient descent algorithms, explain how they work in the process of
training neural networks through precise formulas and proofs. This approach shows the important
role that differential calculus and linear algebra play in optimizing SI models. In particular, the
authors mathematically substantiate the backpropagation algorithm and generalize it in the context
of deep networks.

Bishop's [2] “Pattern Recognition and Machine Learning” is also an important source in this
field. It provides a scientific basis for the application of probability theory, statistical analysis, and
Bayesian methods to SI systems. In his research, Bishop deeply analyzed how mathematical
models work in decision-making under uncertainty and in the process of classifying data. His
approach made a significant contribution to the formalization of the concept of probabilistic
graphical models and their application to SI problems.

“Artificial Intelligence: A Modern Approach” by Russell and Norvig [3] is one of the most
widely used textbooks in the field of SI. It comprehensively covers search algorithms, logical
inference, probabilistic models, and the mathematical foundations of machine learning. At the same
time, the research conducted by Sun and Shi has studied the integration of graph neural networks
and topological data analysis with Al, and this direction is introducing new mathematical tools
(persistent homology, simplicial complexes) into Al

Sutton and Barto's [8] fundamental application of reinforcement learning to Al provides a
classic example of the synthesis of mathematical decision theory, Markov decision processes
(MDPs), and dynamic programming methods. This work clearly shows how mathematics is used to
teach goal-directed behavior in Al systems.

Uzbek scientists are also doing significant work in this direction. In particular, X.A.
Abdurakhmonov and M.Yuldoshev [4] studied the algorithmic foundations of artificial intelligence,
machine learning, and automatic decision-making processes from the perspective of mathematical
modeling. Their work serves to expand the possibilities of effective application of SI systems in
local conditions. In addition, a number of scientific research projects on SI and mathematical
modeling are being implemented in higher educational institutions of Uzbekistan.

Literature analysis shows that mathematics is the main factor ensuring the accuracy, stability
and optimality of artificial intelligence models. It is with the help of mathematical methods that the
efficiency of algorithms is assessed, their convergence speed, computational complexity and error
rate are determined. Modern research is looking for ways to apply new areas of mathematics -
topology, algebraic geometry, quantum algebra - to SI.

3. MAIN PART: INTEGRATION OF MATHEMATICS WITH AI SYSTEMS

3.1. Theoretical foundations of mathematical modeling



http://www.bgpulseusa.com/index.php/bg

BG Journal

Bu

= -

Each artificial intelligence system is based on a specific mathematical model. Mathematical
modeling is understood as the description of real-world processes or systems through mathematical
objects - functions, equations, matrices, graphs. Minimizing the error function (loss function) in
machine learning algorithms is the most typical practical application of optimization theory.

In the most general form, the problem of machine learning is expressed as follows: a data set

D = {(xl., yl.)};lzl be given, in this X, ¢ —incoming vector, ), — expected result. Goal — 0

consists of finding a set of parameters, and the problem is written as the following optimization
problem:

minL(@)=—"1(/(x.0)-3)+IRO)

n
here L(H) — loss function, { — individual error measure (e.g., squared error or cross entropy),

ﬂR(@) — regularization term (to prevent overfitting). Regularization term plays an important role

in modeling: L] -regularization (LASSO) produces sparse solutions, L2 -Regularization (Ridge)
provides a norm for small parameters.

Another important aspect of mathematical modeling is the generalization ability of a model.
The Vapnik-Chervonenkis (VC) theory studies this issue formally. A mathematical quantity called
the VC dimension describes the complexity of a model class and relates it to the probability of
overfitting. This theory is one of the main mathematical foundations of machine learning.

3.2. Probability theory and statistical approaches

Probability theory provides the necessary mathematical basis for the operation of artificial
intelligence systems under uncertainty. Predictions are made in neural networks based on
probability theory. Methods such as Bayesian models, Markov chains, and Monte Carlo methods
ensure the operation of Al systems under uncertainty.

Bayes' theorem plays a particularly important role in Al:

P D) =22 P' g © o

here P (9 | D) — posterior probability (the probability of parameters given the data),

P (D | 9) — likelihood of the data, P (9) — prior probability, P (D) — normalization constant.

The Bayesian approach allows models to account for uncertainty and works well even with small
amounts of data. Bayesian Neural Networks store a probability distribution for each weight rather
than a single value, which is a powerful way to represent model uncertainty.

Markov Decision Processes (MDPs) are the basic mathematical framework for reinforcement

learning. MDPs are characterized by four elements: a state space— S , space of movement— A ,
transition probabilities — P (S |S,a) and reward function— R(S,a) . The goal is to find the

optimal strategy that maximizes the reward. (policy) 77 ' : S — A This problem is solved by the
Bellman equations:
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Here ¥ [0;1) - discount coefficient, v (§) — optimal value function. This recursive

relationship forms the mathematical basis of algorithms such as dynamic programming and Q-
learning. In natural language processing (NLP) models, word sequences are determined by
probability distributions - this is also a vivid example of the application of probability theory to Al.

3.3. Linear algebra and multidimensional data analysis

Linear algebra is the most widely used mathematical field of artificial intelligence algorithms.
Vectors, matrices, and tensors are the main means of representing Al data. Modern deep learning
models are essentially a huge chain of multidimensional tensor operations.

Each layer of a neural network performs the following mathematical transformation:

h = O_(W(l)h(l—l) +b(l)) (4)

Here h(l) -y -layer activation vector, W(l) — weight matrix, b(l) — bias vector, O —
activation function (e.g. ReLU, sigmoid or tanh). Deep networks apply this transformation many
times, gradually learning abstract features.

Singular Value Decomposition (SVD) is one of the most powerful methods of matrix analysis:

A=UzV" (5)

here U and V' orthogonal matrices, 2 —a diagonal matrix filled with singular values. SVD
is widely used in data compression (dimensionality reduction), recommendation systems, and
image processing. Principal component analysis (PCA) is also based on SVD and finds the main
directions in the multidimensional space of data. In convolutional neural networks (CNNs), data is
processed as multidimensional matrices (tensors). The convolution operation mathematically
combines the integrals of two functions:

(f &)= f(Dglt-n)dr

In the discrete case, this operation is calculated as the sum of the element-by-element product
of the data matrix and the filter kernel. It is this mathematical operation that makes CNNs so
effective in image recognition. The attention mechanism and the architecture of the transformers
are also based on linear algebra. The attention operation, which is calculated using the Query, Key,
and Value matrices, is expressed as follows:

KT
?/QT V (6)
k

Here d « — The size of the key vectors. This formula forms the core of modern language
models such as GPT and BERT.

Attention(Q, K, V') =softmax

3.4. Mathematical Optimization and Gradient Methods
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Optimization theory is the mathematical basis for training artificial intelligence models. The
main tool for minimizing the loss function is the gradient descent algorithm. The gradient is a
vector indicating the direction of the fastest growth of a multivariable function:

oL oL OL
L(O)= ) ) ees (7)
00" 00,”"" 86,
In the gradient descent algorithm, the parameters are updated as follows:
0.,=6,-n L) ®)

Here 7] (eta) — learning speed (learning rate), L(Ht) — is the gradient at the current point.

The learning rate is a very important hyperparameter: at a small value, convergence is slow, at a
large value, instability occurs.

3.5. Graph Theory and Network Structures

Graph theory is becoming increasingly important in artificial intelligence. Graph

G= (V, E ) — ends (vertices) V' and edges (edges) £ A mathematical object consisting of a set

of nodes. Graph Neural Networks (GNNs) are designed to work with data in this structure.
The main operation of a GNN is the aggregation and updating of data from neighboring nodes.
(update):

h" = UPDATE (h ™, AGGREGATE ({4 u=NM)})) ~ ©

Here hik) — k -in iteration V node vector, N (V) — V the set of neighbors of a node. GNNs

effectively solve tasks such as predicting molecular properties, analyzing social networks, and
optimizing transportation routes [ 13].

The Traveling Salesman Problem (TSP) is a combinatorial optimization problem in graph
theory. The TSP is an NP-hard problem that artificial intelligence attempts to solve using heuristic
or metaheuristic methods (genetic algorithms, chi colony optimization). In this example,
mathematics and Al work together to solve practical problems.

3.6. Differential equations and modeling physical systems

Differential equations (DEs) are a fundamental tool for modeling physical, biological, and
social processes. Artificial intelligence is used both to solve these equations and to use them itself.

Neural differential equations (Neural ODEs) are a modern approach that represents the layers
of a neural network as ordinary differential equations:

% = f(h(),t,0), h(t,)=x (10)

here /A(t) — trace condition, f — dynamics learned by a neural network. This approach

allows modeling continuous transformations in neural networks and increases memory efficiency.
Physics-Informed Neural Networks (PINN) solve differential equations using neural networks. The
rules of the differential equation are introduced as an additional term in the loss function, which
ensures that the model corresponds to physical reality. This approach has been successfully used in
problems of hydrodynamics, heat transfer, and quantum mechanics.
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3.7. Integration of Quantum Mathematics and Artificial Intelligence

Quantum computing-based artificial intelligence (Quantum Al) is one of the most promising
and rapidly developing areas. The mathematical language of quantum mechanics - Gilbert space,
quantum states, unitary operators and measure theory - creates a paradigm that is fundamentally
different from classical computing.

The main element of a quantum computer is a qubit (qubit). Unlike a classical bit, a qubit can
be in a superposition state:

lw)=a|0)+B]1), |a|2+|,8|2=1 (1)

2 2
Here & va ﬂ — complex amplitudes, | | va | ﬂ | and are the probabilities of measuring

states 0 and 1, respectively. 72 -qubit system 2" can calculate the amplitude in parallel — this is
called quantum parallelism.

Grover’s algorithm solves the problem of searching in an unordered database O(~/ V') solves

in time complexity (classical O(N ) instead of ). Shor's algorithm performs factorization of

integers at exponential speed. These algorithms can radically change the speed of data processing
and the impact on cryptographic systems.

In the field of quantum machine learning (QML), hybrid algorithms are being developed that
combine quantum and classical approaches. Parametric quantum circuits (PQC) form the basis of
quantum neural networks. In the future, quantum computers with dozens of logical qubits are
expected to dramatically increase the speed and capabilities of SI algorithms.

4. PRACTICAL APPLICATIONS: EVERYDAY LIFE

EXAMPLES

The mathematical foundations are clearly visible not only in theoretical but also in everyday
SI applications. Below are some practical examples.

4.1. Face recognition system — convolutional mathematics

Modern phones use convolutional neural networks for face recognition. Mathematically, the
contour of the face is modeled using multi-part curves such as a parabola or an ellipse. For example,
the contour of the eye is an ellipse with the equation:

2 2
(x_xo) (y_yo) —1
2 T 2 o
a b
can be described by. Al treats each pixel as a matrix element, convolves it with a filter (kernel)

and extracts the characteristic features of the face (eyes, nose, mouth). The basis of this process is
linear algebra and convolution operations.

4.2. Recommendation systems - vector distances
Platforms such as Netflix, YouTube, Spotify represent the tastes of users as vectors. For
example, user A:

vV, = (0,9; 0,2;0,7;0,1; 0, 8) (comedy, thriller, drama, documentary, science fiction)

User B's vectorV,, is the cosine similarity with:
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When this product is close to 1, the users have similar tastes - so Al recommends content that
one user has seen to another. This is a direct application of the concepts of vectors, scalar products
and norms.

cos(f) = (12)

4.3. Weather forecasting - regression and time series

In addition to linear regression, forecasting air temperature also requires recurrent neural
networks such as LSTM (Long Short-Term Memory). The mathematical basis of LSTM is
differential equations and probabilistic models. In the case of simple linear regression:

Tt)=pB,+pt+¢

here T’ (I ) — [ temperature during the day, ,BO and ﬂl — regression coefficients, & — random

error. The coefficients are determined by the Ordinary Least Squares method:
B=(X"X)"X"y

This formula combines linear algebra and statistics, which is an everyday example of SI.

4.4. Diagnosis in Medicine — Probabilistic and Neural Models
Al uses probabilistic models and deep neural networks in medical diagnosis. For example, an
SI model that analyzes an X-ray image calculates the probability of whether there are signs of lung
cancer using a convolutional network. The output layer of the model is a sigmoid function:
o(2) =
l+e~

through [0; 1] returns the normalized probability value to . This mathematical formula is

directly used in medical decision-making. In particular, Precision-Recall and ROC (Receiver
Operating Characteristic) curves are examples that demonstrate the importance of statistical
analysis in SI medicine.

5. RESEARCH RESULTS AND DISCUSSION

As aresult of this research, the following scientific conclusions and new ideas were formed:

1. The theoretical basis of artificial intelligence systems is completely based on mathematical
laws. Linear algebra, probability theory, optimization and differential equations are inextricably
linked to each other and form the main mathematical foundation of SI algorithms.

2. By improving mathematical optimization algorithms, the learning speed and accuracy of SI
systems can be increased. Adam, AdaGrad and modern second-order methods are the most striking
examples of this direction.

3. New mathematical concepts are emerging in areas such as quantum mathematics,
probability theory and algebraic geometry that form the future foundation of SI development. In
particular, quantum machine learning (QML) is a promising direction for the synthesis of these two
fields.
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4. Mathematical modeling through SI allows for effective decision-making in the fields of
economics, medicine, education, and engineering. Modern approaches such as PINN, Neural ODE,
and GNN are providing revolutionary results in scientific research.

5. The relationship between SI and mathematics is not one-sided - SI itself is also an impetus
for the discovery of new mathematical directions. For example, differential feature geometry and
topological data analysis (TDA) are rapidly developing through SI research.

From the point of view of discussion, this study has a number of limitations. First, quantum
computing is still in the experimental stage, and its application to practical SI has not yet reached
the level of widespread use. Second, mathematical theories are often computationally expensive -
this requires compromises in practical systems. Third, the problem of interpretation (the "black
box" effect) is still relevant, and mathematics has not fully solved this problem.

The following areas are relevant for future research: improving the mathematical
interpretation of SI models (eXplainable AI, XAI); new mathematical approaches for energy-
efficient algorithms; and mathematical substantiation of SI models adapted to the national language
and culture of Uzbekistan.

6. CONCLUSION

The successful development of artificial intelligence is unthinkable without mathematics.
Areas such as algebra, mathematical analysis, probability theory, optimization, linear algebra, graph
theory, and modeling form the main foundation of Al algorithms. It is with the help of these
mathematical methods that it is possible to analyze data, optimize learning processes, and increase
the accuracy of intelligent systems.

The main points considered in the article can be summarized as follows: first, gradient descent,
Bayesian theory, and linear algebra transformations constitute the mathematical engineering of
modern Al systems. Second, promising areas such as quantum computing and PINN are opening up
a new area of synthesis of mathematics and Al Third, the manifestations of Al in
everyday life - recommendation systems, face recognition, weather forecasting - are direct practical
manifestations of school and higher education mathematics.

As a result of the mutual integration of mathematics and artificial intelligence, a new
generation of intellectual systems is being created - models that are self-learning, can independently
solve problems and perform predictive analysis. In the future, further deepening of scientific
research in this area, especially the development of national mathematical models by Uzbek
scientists and their implementation in practice, will be of strategic importance for the development
of science. It is necessary to establish scientific schools in SI and mathematical modeling in higher
educational institutions of Uzbekistan and strengthen international cooperation.
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